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ORBIFOLD LENS SPACES THAT ARE ISOSPECTRAL BUT NOT
ISOMETRIC
NAVEED SHAMS UL BARI
ABSTRACT. We answer Mark Kac’s famous question [K], “can one hear the
shape of a drum?” in the negative for orbifolds that are spherical space forms.
This is done by extending the techniques developed by A. Ikeda on Lens Spaces
to the orbifold setting. Several results are proved to show that with certain re-
strictions on the dimensionalities of orbifold Lens spaces we can obtain infin-
itely many pairs of isospectral non-isometric Lens spaces. These results are then
generalized to show that for any dimension greater than 8 we can have pairs of
isospectral non-isometric orbifold Lens spaces.
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1. INTRODUCTION
Given a closed Riemannian manifold (M,g), the eigenvalue spectrum of the as-
sociated Laplace Beltrami operator will be referred to as the spectrum of (M,g).
The inverse spectral problem asks the extent to which the spectrum encodes the
geometry of (M,g). While various geometric invariants such as dimension, vol-
ume and total scalar curvature are spectrally determined, numerous examples of
isospectral Riemannian manifolds, i.e., manifolds with the same spectrum, show
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that the spectrum does not fully encode the geometry. Not surprisingly, the earliest
examples of isospectral manifolds were manifolds of constant curvature including
flat tori ([M]), hyperbolic manifolds ([V]), and spherical space forms ([I1], [I2] and
[Gi]). In particular, Lens spaces are quotients of round spheres by cyclic groups
of orthogonal transformations that act freely on the sphere. Lens spaces have pro-
vided a rich source of isospectral manifolds with interesting properties. In addition
to the work of Ikeda cited above, see the recent results of Gornet and McGowan
[GoM].
In this paper we generalize this theme to the category of Riemannian Orbifolds.
A smooth orbifold is a topological space that is locally modelled on an orbit
space of Rn under the action of a finite group of diffeomorphisms. Riemannian
orbifolds are spaces that are locally modelled on quotients of Riemannian mani-
folds by finite groups of isometries. Orbifolds have wide applicability, for example,
in the study of 3-manifolds and in string theory.
The tools of spectral geometry can be transferred to the setting of Riemannian
orbifolds by using their well-behaved local structure (see [Chi], [S1] [S2]). As in
the manifold setting, the spectrum of the Laplace operator of a compact Riemann-
ian orbifold is a sequence 0 ≤ λ1 ≤ λ2 ≤ λ3 ≤ . . . ↑ ∞ where each eigenvalue is
repeated according to its finite multiplicity. We say that two orbifolds are isospec-
tral if their Laplace spectra agree.
The literature on inverse spectral problems on orbifolds is less developed than
that for manifolds. Examples of isospectral orbifolds include pairs with boundary
([BCDS] and [BW]); isospectral flat 2-orbifolds ([DR]); arbitrarily large finite fam-
ilies of isospectral orbifolds ([SSW]); isospectral orbifolds with different maximal
isotropy orders ([RSW]); and isospectral deformation of metrics on an orbifold
quotient of a nilmanifold ([PS]).
In this article, we study the spectrum of orbifold Lens spaces, i.e., quotients
of round spheres by cyclic groups of orthogonal transformations that have fixed
points on the sphere. Generalizing the work of Ikeda (see [I1], [I2] and [IY]) we
construct the generating function for the spectrum and systematically construct
isospectral orbifold Lens spaces. Section two introduces the orbifold Lens spaces
and their generating functions. In section 3, we will develop the proofs of our main
theorems. We will first prove:
Theorem 3.1.6.
(i) Let p ≥ 5 (alt. p ≥ 3) be an odd prime and let m ≥ 2 (alt. m ≥
3) be any positive integer. Let q = pm. Then there exist at least two
(q−6)-dimensional orbifold lens spaces with fundamental groups of order
pm which are isospectral but not isometric.
(ii) Let p1, p2 be odd primes such that q = p1 ·p2 ≥ 3. Then there exist at least
two (q − 6)-dimensional orbifold lens spaces with fundamental groups of
order p1 · p2 which are isospectral but not isometric.
(iii) Let q = 2m where m ≥ 6 is any positive integer. Then there exist at least
two (q − 5)-dimensional orbifold lens spaces with fundamental groups of
order 2m which are isospectral but not isometric.
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(iv) Let q = 2p, where p is an odd prime and p ≥ 7. Then there exist at least
two (q − 5)-dimensional orbifold lens spaces with fundamental groups of
order 2p which are isospectral but not isometric.
To prove these results we proceed as follows:
(1) Depending on the number of pi (alt. p1, p2) divisors of q = pm (alt.
q = p1 · p2), we reformulate the generating function in terms of rational
polynomial functions.
(2) Then we classify the number of generating functions that we will get by
imposing different conditions on the domain values of these polynomial
functions.
(3) We prove sufficiency conditions on the number of generating functions that
would guarantee isospectrality for non-isometric orbifold lens spaces.
The techniques used to prove these results parallel similar techniques from the
manifold lens space setting used in [I1].
Generalizing this technique, we will get our second set of main results:
Theorem 3.2.5. Let W ∈ {0, 1, 2, . . .}.
(i) Let P ≥ 5 (alt. P ≥ 3) be any odd prime and let m ≥ 2 (alt. m ≥ 3) be
any positive integer. Let q = Pm. Then there exist at least two (q+W−6)-
dimensional orbifold lens spaces with fundamental groups of order Pm
which are isospectral but not isometric.
(ii) Let P1, P2 be two odd primes such that q = P1 · P2 ≥ 33. Then there exist
at least two (q+W−6)-dimensional orbifold lens spaces with fundamental
groups of order P1 · P2 which are isospectral but not isometric.
(iii) Let q = 2m where m ≥ 6 is any positive integer. Then there exist at least
two (q+W−5)-dimensional orbifold lens spaces with fundamental groups
of order 2m which are isospectral but not isometric.
(iv) Let q = 2P , where P ≥ 7 is an odd prime. Then there exist at least two
(q+W − 5)-dimensional orbifold lens spaces with fundamental groups of
order 2P which are isospectral but not isometric.
A consequence of this theorem is that for every integer x ≥ 9, we can find a pair
of isospectral non-isometric orbifold lens spaces of dimension x.
In Section 4 we look at specific examples that show what the different generating
functions would look like and the types of orbifold lens spaces that correspond to
each generating function.
1.1. Acknowledgments. I would like to thank Carolyn Gordon very much for
some very helpful discussions and suggestions, and for reading an early version.
2. ORBIFOLD LENS SPACES
In this section we will generalize the idea of manifold Lens spaces to orb-
ifold Lens spaces. Manifold Lens spaces are spherical space forms where the n-
dimensional sphere Sn of constant curvature 1 is acted upon by a cyclic group of
fixed point free isometries on Sn. We will generalize this notion to orbifolds by
allowing the cyclic group of isometries to have fixed points. For a more general
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definition of Orbifolds see Satake [Sat] and Scott [Sc]. For details of spectral ge-
ometry on Orbifolds, see Stanhope [S1] and E. Dryden, C. Gordon, S. Greenwald
and D. Webb in [DGGW]).
To obtain our main results we will focus on a special subfamily of Lens spaces.
Our technique will parallel Ikeda’s technique as developed in [I1].
2.1. Preliminaries. Let q be a positive integer that is not prime. Set
q0 =
{
q−1
2 if q is odd
q
2 if q is even.
Throughout this article we assume that q0 ≥ 4 and that q is not prime.
For any positive integer n with 2 ≤ n ≤ q0 − 2, we denote by I˜(q, n) the set of
n-tuples (p1, . . . , pn) of integers. We define a subset I˜0(q, n) of I˜(q, n) as follows:
I˜0(q, n) =
{
(p1, . . . , pn) ∈ I˜(q, n)
pi 6≡ ±pj (mod q), 1 ≤ i < j ≤ n, g.c.d.(p1, . . . , pn, q) = 1}.
We introduce an equivalence relation in I˜(q, n) as follows: (p1, . . . , pn) is equiv-
alent to (s1, . . . , sn) if and only if there is a number l prime to q and there are num-
bers ei ∈ {−1, 1} such that (p1, . . . , pn) is a permutation of (e1ls1, . . . , enlsn) (mod q).
This equivalence relation also defines an equivalence relation on I˜0(q, n).
We set I(q, n) = I˜(q, n)/ ∼ and I0(q, n) = I˜0(q, n)/ ∼.
Let k = q0 − n. We define a map w of I0(q, n) into I0(q, k) as follows:
For any element (p1, . . . , pn) ∈ I˜0(q, n), we choose an element (q1, . . . , qk) ∈
I˜0(q, k) such that the set of integers{
p1,−p1, . . . , pn,−pn, q1,−q1, . . . , qk,−qk
}
forms a complete set of incongruent residues (mod q). Then we define
w([p1, . . . , pn]) = [q1, . . . , qk]
It is easy to see that this map is a well defined bijection.
The following proposition is similar to a result in [I1]:
PROPOSITION 2.1.1. Let I0(q, n) be as above. Then,
|I0(q, n)| ≥
1
q0
(
q0
n
)
where
(q0
n
)
= 1 if q0n = 0, and(
q0
n
)
=
q0!
n!(q0 − n)!
otherwise.
Proof. Let I0(q, n) be as above. Consider a subset I˜ ′0(q, n) of I˜0(q, n) as follows:
I˜ ′0(q, n) =
{
(p1, . . . , pn) ∈ I˜0(q, n)
at least one of the pi is co-prime to q}
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It is easy to see that the equivalence relation on I˜0(q, n) induces an equivalence
relation on I˜ ′0(q, n). Since we eliminate classes where none of the pi’s is co-prime
to q, we get
|I0(q, n)| ≥ |I
′
0(q, n)|
where I ′0(q, n) = I˜ ′0(q, n)/ ∼. Now consider a subset I˜ ′′0 (q, n) of I˜ ′0(q, n) as
follows:
I˜ ′′0 (q, n) =
{
(p1, . . . , pn) ∈ I˜
′
0(q, n)
1 = p1 < · · · < pn ≤ q0}
Then it is easy to see that any element of I˜ ′0(q, n) has an equivalent element in
I˜ ′′0 (q, n). On the other hand, for any equivalence class in I ′0(q, n), the number of
elements in I˜ ′′0 (q, n) which belong to that class is at most n. Hence we have:
|I0(q, n)| ≥ |I
′
0(q, n)| ≥
1
n
I˜ ′′0 (q, n) = 1n
(
q0 − 1
n− 1
)
=
1
q0
(
q0
n
)
This proves the proposition. 
LEMMA 2.1.2. Let q = pm or q = p1 · p2, where p, p1, p2 are primes. Let D be the
set of all non-zero integers mod q that are not co-prime to q. Then |D| is even if q
is odd and |D| is odd if q is even.
Proof. For q = pm.
If q is odd, then p is an odd prime. qp = p
m−1 which is an odd number. Therefore
the number of elements in D, (pm−1 − 1) is even.
If q is even, then p = 2. qp = 2
m−1 is even. So the number of elements in D,
(2m−1 − 1), is odd.
For q = p1 · p2. (p1 6= p2)
If q is odd, then both p1 and p2 are odd primes. The number of elements in D is
( qp1 +
q
p2
− 2) = (p2 + p1 − 2) which is even since p1 + p2 is even.
If q is even, then one of the pi’s is 2 and the other is an odd prime. Assume
p1 = 2. So, the number of elements in D is ( qp1 +
q
p2
− 2) = (p2 + p1 − 2) =
(p2 + 2− 2) = p2, which is odd.
This proves the lemma. 
We will say that |D| = 2r if |D| is even; and |D| = 2r−1 if |D| is odd, where r
is some positive integer. It is easy to see that if |D| is even, then exactly r members
of D are less than q0. If |D| is odd, then r − 1 members of D are strictly less than
q0 and one member of D is equal to q0 (recall that for even q, we set q0 = q/2, and
for odd q, we set q0 = (q − 1)/2).
With these results we now obtain a better lower bound for |I0(q, n)|.
PROPOSITION 2.1.3. Let I0(q, n), I ′0(q, n), I˜ ′0(q, n) and I˜ ′′0 (q, n) be as in Proposi-
tion 2.1.1. Let k = q0 − n. Then
|I0(q, n)| ≥
r∑
t=u
1
n− t
(
q0 − 1− r
n− 1− t
)(
r
t
)
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where u = r − k if r > k and u = 0 if r ≤ k, and r is as defined above.
Proof. The number of ways in which we can assign values to the pi’s in (1 =
p1, p2, . . . , pn) ∈ I˜
′′
0 (q, n) such that t of the pi’s are not co-prime to q is(
q0 − 1− r
n− 1− t
)(
r
t
)
On the other hand for any equivalence class in I ′0(q, n) with t of the pi’s not
being co-prime to q, the number of elements which belong to that class is at most
n− t. So the number of such possible classes is at least
1
n− t
(
q0 − 1− r
n− 1− t
)(
r
t
)
Now if r > k, this would mean that n > q0 − r, or n − 1 > q0 − 1 − r. This
means that t cannot take any values less than r− k, since that would mean that we
are choosing (n − 1 − t), a number larger than (q0 − 1 − r) from q0 − 1− r and
that is not possible. So, the smallest value for t in this case can be r − k.
On the other hand, if r ≤ k, then n ≤ q0 − r, or n − 1 ≤ q0 − 1 − r. This
means that it is possible for us to choose n-tuples in I˜ ′′0 (q, n) with all values being
co-prime to q. Thus, the smallest value for t would be 0 in this case.
It is obvious that the maximum value t can take is r since (1, p2, . . . , pn) cannot
have more than r values that are not co-prime to q. Now, adding up all the degrees
for different values of t we get
|I0(q, n)| ≥ |I
′
0(q.n)| ≥
r∑
t=u
1
n− t
(
q0 − 1− r
n− 1− t
)(
r
t
)
where u = 0 if r ≤ k and u = r − k if r > k.
This proves the proposition. 
DEFINITION 2.1.4. (i) Let q be a positive integer and γ a primitive q-th root of
1. We denote by Q(γ) the q-th cyclotomic field over the rational number
field Q and denote by Φq(z) the q-th cyclotomic polynomial
Φq(z) =
q−1∑
t=0
zt
Let A be the set of residues mod q that are co-prime to q. We define a map
ψq,k of I0(q, k) into Q(γ)[z] as follows:
For any equivalence class in I0(q, k), we take an element (q1, . . . , qk)
of I˜0(q, k) which belongs to that class. We define
ψq,k([q1, . . . , qk])(z) =
∑
l∈A
k∏
i=1
(z − γqil)(z − γ−qil)
This polynomial in Q(γ)[z] is independent of the choice of elements which
belong to the class [q1, . . . , qk]. Therefore, the map is well-defined.
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(ii) Given q = pm, we define
Bj =
{
x(modq) ∈ Z+ : pj | x, pj+1 ∤ x
}
We define the maps α(j)q,k of I0(q, k) into Q(γ)[z] as follows:
α
(j)
q,k([q1, . . . , qk])(z) =
∑
l∈Bj
k∏
i=1
(z − γqil)(z − γ−qil)
(iii) Now assume q = p1 · p2. We define the following sets of numbers that are
not co-prime to q.
B =
{
xp1
x = 1, 2, . . . , (p2 − 1)} and C = {xp2x = 1, 2, . . . , (p1 − 1)}
We define maps αq,k and βq,k as follows:
αq,k([q1. . . . , qk])(z) =
∑
l∈B
k∏
i=1
(z − γqil)(z − γ−qil)
and,
βq,k([q1. . . . , qk])(z) =
∑
l∈C
k∏
i=1
(z − γqil)(z − γ−qil)
Since (z−γqil)(z−γ−qil) = (γqilz−1)(γ−qilz−1), the following proposition
is easy to see.
PROPOSITION 2.1.5. If we put
ψq,k([q1, . . . , qk])(z) =
2k∑
i=0
(−1)i aiz
2k−i
α
(j)
q,k([q1, . . . , qk])(z) =
2k∑
i=0
(−1)i bi,jz
2k−i
αq,k([q1, . . . , qk])(z) =
2k∑
i=0
(−1)i biz
2k−i
βq,k([q1, . . . , qk])(z) =
2k∑
i=0
(−1)i ciz
2k−i
then we have
(i) ai = a2k−i, bi,j = b(2k−i),j , bi = b2k−i and ci = c2k−i
(ii) a0 = |A|, b0,j = |Bj|, b0 = |B| and c0 = |C|.
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2.2. Orbifold Lens Spaces and their Generating Functions. Let q be a positive
integer and p1, . . . , pn be n integers mod q such that g.c.d.(p1, . . . , pn, q) = 1. We
denote by g the orthogonal matrix given by
g =

R(p1/q) 0
.
.
.
0 R(pn/q)

where R(θ) =
(
cos 2piθ sin 2piθ
− sin 2piθ cos 2piθ
)
Then g generates the cyclic subgroup G ={
gl
}q
l=1
of order q of the orthogonal group O(2n).
We define a Lens space L(q : p1, . . . , pn) as follows:
L(q : p1, . . . , pn) = S
2n−1/G
L(q : p1, . . . , pn) is a good smooth orbifold with S2n−1 as its covering manifold.
Let pi be the covering projection of S2n−1 onto S2n−1/G
pi : S2n−1 → S2n−1/G
Since the round metric of constant curvature one on S2n−1 is G-invariant, it in-
duces a Riemannian metric on S2n−1/G.
We emphasize that, in contrast to the classical notion of Lens space, we do not
require that the integers pi be coprime to q, and thus we allow the Lens spaces to
have singular points. In particular they are good orbifolds. Henceforth, the term
”Lens space” will refer to this generalized definition.
PROPOSITION 2.2.1. Let L = L(q : p1, . . . , pn) and L′ = L(q : s′1, . . . , s′n) be
Lens spaces. Then L is isometric to L′ if and only if there is a number l coprime
with q and there are numbers ei ∈ {−1, 1} such that (p1, . . . , pn) is a permutation
of (e1ls1, . . . , enlsn) (mod q).
Proof. Assume L is isometric to L′. Let φ be an isometry between L and L′. Then
φ lifts to an isometry φ˜ of S2n−1. In other words, φ is an orthogonal transformation
that conjugates G and G′ where L = S2n−1/G and L′ = S2n−1/G′.
So φ˜ takes g, a generator of G, to g′l, a generator of G′. This means that
the eigenvalues of g and g′l are the same. This means that each pi is equiva-
lent to some lsj or −lsj (mod q). That means (p1, . . . , pn) is a permutation of
(e1ls1, . . . , enlsn) (mod q), for ei ∈ {−1, 1}, (i = 1, . . . , n).
Conversely, assume that there exists an integer l coprime with q and num-
bers ei ∈ {−1, 1} (i = 1, . . . , n) such that (p1, . . . , pn) is a permutation of
(e1ls1, . . . , enlsn) (mod q).
Note that the isometry of S2n−1 onto S2n−1 defined by the map
(z1, . . . , zi, . . . , zn) 7−→ (zσ(0), . . . , z¯σ(i), . . . , zσ(n))
where σ is a permutation, induces an isometry of L(q : s1, . . . , sn) onto
L(q : sσ(1), . . . , sσ(i), . . . , sσ(n)). Since g′l is also a generator of G′, the Lens
space L(q : ls1, . . . , lsn) is identical to L(q : s1, . . . , sn).
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Now the above isometry induces an isometry of L(q : s1, . . . , sn) onto L(q :
e1ls1, . . . , enlsn). This means that L′ = L(q : s1, . . . , sn) is isometric to L(q :
e1ls1, . . . , enlsn). But (e1ls1, . . . , enlsn) is simply a permutation of (p1, . . . , pn)
(mod q). Therefore L(q : p1, . . . , pn) is isometric to L(q : e1ls1, . . . , enlsn),
which, in turn, is isometric to L(q : s1, . . . , sn). This proves the converse. 
For any f ∈ C∞(L(q : p1, . . . , pn)), we define the Lapacian on the lense space
as ∆˜(pi∗f) = pi∗(∆f). We construct the generating function associated with the
Laplacian on L(q : p1, . . . , pn) analogous to the construction in the manifold case
(see [I1], [I2] and [IY]).
Let ∆˜, ∆ and ∆0 denote the Laplacian of S2n−1, L(q : p1, . . . , pn) and R2n,
respectively.
DEFINITION 2.2.2. For any non-negative real number λ, we define the eigenspaces
E˜λ and Eλ as follows:
E˜λ =
{
f ∈ C∞(S2n−1)
∆˜f = λf}
Eλ =
{
f ∈ C∞(L(q : p1, . . . , pn))
∆f = λf}
The following lemma follows from the definitions of ∆ and smooth function.
LEMMA 2.2.3. Let
(
E˜λ
)
G
be the space of all G-invariant functions of E˜λ. Then
dim(Eλ) = dim(E˜)G.
Let ∆0 be the Laplacian on R2n with respect to the flat Ka¨hler metric. Set
r2 =
∑2n
i=1 x
2
i , where (x1, x2, . . . , x2n) is the standard coordinate system on R2n.
For k ≥ 0, let P k denote the space of complex valued homogenous polynomi-
als of degree k on R2n. Let Hk be the subspace of P k consisting of harmonic
polynomials on R2n,
Hk =
{
f ∈ P k
∆0f = 0}
Each orthogonal transformation of R2n induces canonically a linear isomorphism
of P k.
PROPOSITION 2.2.4. The space Hk is O(2n)-invariant, and P k has the direct sum
decomposition: P k = Hk⊕r2P k−2. The injection map i : S2n−1 → R2n induces
a linear map i∗ : C∞(R2n)→ C∞(S2n−1). We denote i∗(Hk) by Hk.
PROPOSITION 2.2.5. Hk is an eigenspace of ∆˜ on S2n−1 with eigenvalue k(k +
2n−2) and
∑∞
k=0H
k is dense inC∞(S2n−1) in the uniform convergence topology.
Moreover, Hk is isomorphic to Hk. That is, i∗ : Hk ≃−→ Hk.
For proofs of these propositions, see [BGM].
Now by Corollary ?? and Proposition 2.2.5, we get
COROLLARY 2.2.6. Let
L(q : p1, . . . , pn) = S
2n−1/G
be a lens space and HkG be the space of all G-invariant functions in Hk. Then
dimEk(k+2n−2) = dimH
k
G
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Moreover, for any integer k such that dimHkG 6= 0, k(k + 2n − 2) is an eigen-
value of ∆ on L(q : p1, . . . , pn) with multiplicity equal to dimHkG, and no other
eigenvalues appear in the spectrum of ∆.
DEFINITION 2.2.7. The generating function Fq(z : p1, . . . , pn) associated to the
spectrum of the Laplacian on L(q : p1, . . . , pn) is the generating function associ-
ated to the infinite sequence
{
dimHkG
}∞
k=0
, i.e.,
Fq(z : p1, . . . , pn) =
∞∑
k=0
(
dimHkG
)
zk
By Corollary ?? we know that the generating function determines the spectrum
of L(q : p1, . . . , pn). This fact gives us the following proposition:
PROPOSITION 2.2.8. Let L = L(q : p1, . . . , pn) and L′ = L(q′ : s1, . . . , sn) be
two lens spaces. Let Fq(z : p1, . . . , pn) and Fq′(z : s1, . . . , sn) be the gener-
ating functions associated to the spectrum of L and L′, respectively. Then L is
isospectral to L′ if and only if Fq(z : p1, . . . , pn) = Fq′(z : s1, . . . , sn).
The following theorem ([I1] and [I2]) holds true for the orbifold lens spaces as
well.
THEOREM 2.2.9. Let L(q : p1, . . . , pn) be a lens space and Fq(z : p1, . . . , pn) the
generating function associated to the spectrum of L(q : p1, . . . , pn). Then, on the
domain
{
z ∈ C
 |z| < 1},
Fq(z : p1, . . . , pn) =
1
q
q∑
l=1
1− z2∏n
i=1(z − γ
pil)(z − γ−pil)
COROLLARY 2.2.10. Let L(q : p1, . . . , pn) be isospectral to L(q′ : s1, . . . , sn).
Then q = q′.
Now let L˜(q, n) be the family of all (2n − 1)-dimensional lens spaces with
fundamental groups of order q, and let L˜0(q, n) be the subfamily of L˜(q, n) defined
by:
L˜0(q, n) =
{
L(q : p1, . . . , pn) ∈ L˜(q, n)
pi 6≡ ±pj (mod q), 1 ≤ i < j ≤ n}
The set of isometry classes of L˜(q, n) is denoted byL(q, n), and the set of isometry
classes of L˜0(q, n) is denoted by L0(q, n).
By Proposition 2.2.1, the map L(q : p1, . . . , pn) 7→ (p1, . . . , pn) of L˜0(q, n)[
resp. L˜(q, n)
]
onto I˜0(q, n)
[
resp. I˜(q, n)
]
induces a one-to-one map between
L0(q, n) and I0(q, n)
[
resp. L(q, n) and I(q, n)
]
.
The above fact, together with Proposition 2.1.3, gives us the following:
PROPOSITION 2.2.11. Retaining the notations as above, we get
|L0(q, n)| ≥
r∑
t=u
1
n− t
(
q0 − 1− r
n− 1− t
)(
r
t
)
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where u = r− k if r > k, and u = 0 if r ≤ k; r is the number of residues mod q
that are not co-prime to q and are less than or equal to q0.
Note that by Proposition 2.1.1, we also get that
|L0(q, n)| ≥
1
q0
(
q0
n
)
Next, we will re-formulate the generating function Fq(z : p1, . . . , pn) in a form
that will help us find isospectral pairs that are non-isometric.
PROPOSITION 2.2.12. Let L(q : p1, . . . , pn) be a lens space belonging to L˜0(q, n),
k = q0 − n, and let w be the map of I0(q, n) onto I0(q, k) defined in section 2.1.
Then
(i) If q = Pm, where P is a prime, we have
Fq(z : p1, . . . , pn) =
1
q
{
(1− z2)
(1− z)2n
+
ψq,k(w([p1, . . . , pn]))(z)(1 − z
2)
Φq(z)
+
m−1∑
j=1
α
(j)
q,k(w([p1, . . . , pn]))(z)(1 − z
2)
(ΦPm−j(z))
P j (1− z)P
j−1
}
(ii) If q = P1 · P2, where P1 and P2 are primes, we have
Fq(z : p1, . . . , pn) =
1
q
{
(1− z2)
(1− z)2n
+
ψq,k(w([p1, . . . , pn]))(z)(1 − z
2)
Φq(z)
+
αq,k(w([p1, . . . , pn]))(z)(1 − z
2)
(ΦP2(z))
P1(1− z)P1−1
+
βq,k(w([p1, . . . , pn]))(z)(1 − z
2)
(ΦP1(z))
P2(1− z)P2−1
}
where ψq,k, α
(j)
q,k, αq,k and βq,k are as defined in definition 2.1.4 and Φt(z) =∑t−1
v=0 z
v
.
Proof. We choose integers q1, . . . , qk such that the set of integers
{p1,−p1, . . . , pn,−pn, q1,−q1, . . . , qk,−qk}
forms a complete set of residues mod q.
(i) We write
Fq(z : p1, . . . , pn) =
1
q
[∑
l∈A
(1− z2)∏n
i=1(z − γ
pil)(z − γ−pil)
+
m−1∑
j=1
∑
l∈Bj
(1− z2)∏n
i=1(z − γ
pil)(z − γ−pil)
}
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Now, for any l ∈ A, we have
1∏n
i=1(z − γ
pil)(z − γ−pil)
=
∏k
i=1(z − γ
qil)(z − γ−qil)
Φq(z)
For l ∈ Bj , we have
1∏n
i=1(z − γ
pil)(z − γ−pil)
=
∏k
i=1(z − γ
qil)(z − γ−qil)
(ΦPm−j(z))
P j (1− z)P j−1
where Φt(z) =
∑t−1
v=0 z
v
.
Now, (i) follows from these facts.
(ii) We write
Fq(z : p1, . . . , pn) =
1
q
[∑
l∈A
(1− z2)∏n
i=1(z − γ
pil)(z − γ−pil)
+
∑
l∈B
(1− z2)∏n
i=1(z − γ
pil)(z − γ−pil)
+
∑
l∈C
(1− z2)∏n
i=1(z − γ
pil)(z − γ−pil)
]
Again, for l ∈ A,
1∏n
i=1(z − γ
pil)(z − γ−pil)
=
∏k
i=1(z − γ
qil)(z − γ−qil)
Φq(z)
For l ∈ B, we have
1∏n
i=1(z − γ
pil)(z − γ−pil)
=
∏k
i=1(z − γ
qil)(z − γ−qil)
(ΦP2(z))
P1(1− z)P1−1
For l ∈ C , we have
1∏n
i=1(z − γ
pil)(z − γ−pil)
=
∏k
i=1(z − γ
qil)(z − γ−qil)
(ΦP1(z))
P2(1− z)P2−1
Now, (ii) follows from these facts.

From Proposition 2.2.8 and Proposition 2.2.12, we get the following proposition
PROPOSITION 2.2.13. Let L = L(q : p1, . . . , pn) and L′ = L(q : s1, . . . , sn) be
lens spaces belonging to L0(q, n). Let k = q0 − n.
(i) If q = Pm, then L is isospectral to L′ if
ψq,k(w([p1, . . . , pn])) = ψq,k(w([s1, . . . , sn]))
and α(j)q,k(w([p1, . . . , pn])) = α
(j)
q,k(w([s1, . . . , sn]))
for j = 1, . . . ,m− 1.
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(ii) If q = P1 · P2, then L is isospectral to L′ if
ψq,k(w([p1, . . . , pn])) = ψq,k(w([s1, . . . , sn]))
αq,k(w([p1, . . . , pn])) = αq,k(w([s1, . . . , sn]))
and βq,k(w([p1, . . . , pn])) = βq,k(w([s1, . . . , sn]))
3. ISOSPECTRAL NON-ISOMETRIC LENS SPACES
By applying Proposition 2.2.11 and Proposition 2.2.13 we will obtain our main
theorem in this Section for odd-dimensional lens spaces. Next, we will extend the
results to obtain even-dimensional pairs of lens spaces corresponding to every pair
of odd-dimensional lens spaces.
3.1. Odd-Dimensional Lens Spaces. From the results in Sections 2 and 3 we get
the following diagrams:
For q = Pm,
L0(q, n)
∼
−→ I0(q, n)
∼
−→
w
I0(q, k) −−−→
τ
(m)
q,k
Qm(γ)[z](3.1)
where τ (m)q,k = (ψq,k, α
(1)
q,k, . . . , α
(m−1)
q,k ), and Q
m(γ)[z] denotes m copies of the
field of rational polynomials Q(γ)[z]
For q = P1 · P2,
L0(q, n)
∼
−→ I0(q, n)
∼
−→
w
I0(q, k) −−→
S
(3)
q,k
Q3(γ)[z](3.2)
where S(3)q,k = (ψq,k, αq,k, βq,k).
Now, from Proposition 2.2.13, if τ (m)q,k [resp. S
(3)
q,k ] is not one-to-one, then we
will have non-isometric lens spaces having the same generating function. This
would give us our desired results.
We first calculate the values for the required coefficients of ψq,2, α(j)q,2, αq,2 and
βq,2.
Using Proposition 2.1.5 we can calculate the values of the various coefficients
of ψq,k, α
(j)
q,k, αq,k and βq,k.
First we will find coefficients for z and z2 for any given k, and from that we can
find the values for k = 2.
From the definitions of ψq,k([q1, . . . , qk]), in the notation of 2.1.5, it is easy to
see that
a1 =
k∑
i=1
∑
l∈A
γqil +
k∑
i=1
∑
l∈A
γ−qil = 2
k∑
i=1
∑
l∈A
γqil
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Similarly,
b1,j = 2
k∑
i=1
∑
l∈Bj
γqil
b1 = 2
k∑
i=1
∑
l∈B
γqil
c1 = 2
k∑
i=1
∑
l∈C
γqil
Also,
a2 =
∑
l∈A
[
k +
∑
1≤i<t≤k
γ(qi+qt)l +
∑
1≤i<t≤k
γ−(qi+qt)l +
∑
1≤i<t≤k
γ(qi−qt)l +
∑
1≤i<t≤k
γ−(qi−qt)l
]
= k |A|+ 2
∑
l∈A
∑
1≤i<t≤k
γ(qi+qt)l + 2
∑
l∈A
∑
1≤i<t≤k
γ(qi−qt)l
Similarly,
b2,j = k |Bj|+ 2
∑
l∈Bj
∑
1≤i<t≤k
γ(qi+qt)l + 2
∑
l∈Bj
∑
1≤i<t≤k
γ(qi−qt)l
b2 = k |B|+ 2
∑
l∈B
∑
1≤i<t≤k
γ(qi+qt)l + 2
∑
l∈B
∑
1≤i<t≤k
γ(qi−qt)l
c2 = k |C|+ 2
∑
l∈C
∑
1≤i<t≤k
γ(qi+qt)l + 2
∑
l∈C
∑
1≤i<t≤k
γ(qi−qt)l
where |A|, |Bj|, |B| and |C| are cardinalities of A, Bj , B and C - as defined in
2.1.4 - respectively.
PROPOSITION 3.1.1. Let p be an odd prime and let q = pm where m is an integer
greater than 1. Let q0 = q−12 . Let k = 2 and n = q0 − 2. Then the maps
τ
(m)
q,k and S
(3)
q,k as defined in (3.1) and (3.2) (and hence the generating function) are
dependent only on where the various qi’s and their sums and differences reside.
In a similar fashion we can find values of coefficients of higher powers of z
when k > 2. These coefficients will contain terms that include higher sums and
differences of the various qi’s in the powers of γ.
We will prove two propositions that will give us upper bounds on the number of
expressions for τ (j)q,k and S
(3)
q,k , respectively, where k = 2.
PROPOSITION 3.1.2. Let p be an odd prime and let q = pm where m is an integer
greater than 1. Let q0 = q−12 . Let k = 2 and n = q0 − 2. Then the number of
expressions that τ (j)q,2 can have is at most m2.
Proof. We will find the number of τ (j)q,2 by considering the following cases:
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Case 1: q1, q2 ∈ Bj (j = 1, 2, . . . , (m− 1)) where Bj =
{
x(modq) ∈ Z+ : pj |
x, pj+1 ∤ x
}
If q1, q2 ∈ Bj , then either both of q1 ± q2 lie in Bj or else one lies in Bj
and the other in some Bk with j < k ≤ m − 1. Thus there are m − j
possibilities. As j varies from 1 to m− 1, we thus obtain (m− 1) + (m−
2) + · · ·+ 1 = m(m−1)2 expressions.
Case 2: q1 ∈ Bj and q2 ∈ Bt, Bj 6= Bt
We may assume j < t. It follows that q1± q2 both lie in Bj . Thus as j and
t vary, we obtain
(m−1
2
)
= (m−1)(m−2)2 expressions.
Case 3: q1 ∈ Bj and q2 ∈ A, or vice versa
Here we note that q1 ± q2 always belongs to A. Therefore, in this case we
will get (m− 1) possible expressions for τ (j)q,2 , one each for the case where
q1 ∈ A and q2 ∈ Bj (j = 1, 2, . . . , (m− 1)), or vice versa.
Case 4: q1, q2 ∈ A
We will get 1 possible expression if q1 ± q2 ∈ A. Then we will get 1
possible expression each for the case when q1 + q2 ∈ A and q1 − q2 ∈ Bj
(or vice versa) for j = 1, 2, . . . , (m − 1). There are no other possibilities
in this case. So the maximum number of possible expressions for τ (j)q,2 in
this case will be m− 1 + 1 = m.
Case 1 though Case 4 are the only possible cases that occur for k = 2.
Adding up the numbers of all possible expressions for τ (j)q,2 from each case
we get the maximum number of possible expressions that τ (j)q,2 can have:
m(m− 1)
2
+
(m− 1)(m− 2)
2
+ (m− 1) +m
=
m2 −m+m2 − 3m+ 2 + 2m− 2 + 2m
2
=
2m2
2
= m2

PROPOSITION 3.1.3. Let q = p1 · p2, where p1, p2 are distinct odd primes. Let
q0 =
q−1
2 . Let k = 2 and n = q0 − 2. Then the number of possible expressions for
S
(3)
q,2 is at most 11.
Proof. As in the previous proposition, we prove this result by considering all the
possible cases for q1 and q2(where q1 ± q2 is not congruent to 0(modq)).
Case 1 q1, q2 ∈ B (or q1, q2 ∈ C), where B =
{
xp1
x = 1, . . . , (p2 − 1)} and
C =
{
xp2
x = 1, . . . , (p1 − 1)}.
Then q1 ± q2 ∈ B (or q1 ± q2 ∈ C , respectively). There are no other
possibilities for this case.
Case 2: q1 ∈ B and q2 ∈ C (or vice versa).
We have just one possible expression in this case, when q1 ± q2 ∈ A.
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Case 3: q1 ∈ A, q2 ∈ B or q1 ∈ A, q2 ∈ C (or vice versa).
We will get one expression each when q1 ± q2 ∈ A. Then we will get
one possible expression for the case when q1 ∈ A, q2 ∈ B, and q1 + q2 ∈
A, q1 − q2 ∈ C , (or vice versa).
We will get one more possible expression for the case when q1 ∈ A, q2 ∈
C , and q1 + q2 ∈ A, q1 − q2 ∈ B (or vice versa).
So, in this case we get a possible 4 expressions for S(3)q,2 .
Case 4: q1, q2 ∈ A.
We will get one possible expression where q1 ± q2 ∈ A. We get another
possible expression where q1 + q2 ∈ A and q1 − q2 ∈ B (or vice versa).
We get a third possible expression where q1 + q2 ∈ A and q1− q2 ∈ C (or
vice versa). We get a fourth possible expression where q1 + q2 ∈ B and
q1 − q2 ∈ C (or vice versa).
So, we get a total of 4 possible expressions for S(3)q,2 in this case.
Case 1 through Case 4 are the only possible cases than can occur for k = 2.
Adding up the number of all possible expressions for S(3)q,2 from each case we get
the maximum number of possible expressions for S(3)q,2 :
2 + 1 + 4 + 4 = 11

It is important to note that in the above propositions the number of possible
expressions is the maximum number of expressions that can happen. It is possible
that for a given q = pm or q = p1 · p2 not all the expressions will occur. We will
see this in an example later.
We now prove two similar propositions for even q of the form 2m and 2p, where
m is a positive integer and p is a prime.
PROPOSITION 3.1.4. Let q = 2m where m ≥ 3. Let q0 = q2 , i.e., q0 = 2
m−1
. Let
k = 2 and n = q0− 2. Then the number of possible expressions that τ (j)q,2 can have
is at most (m− 1)2.
Proof. We proceed as in the previous propositions.
Case 1: q1, q2 ∈ Bj (j = 1, 2, . . . , (m − 3)), where Bj =
{
x(modq) ∈ Z+ :
2j | x, 2j+1 ∤ x
}
We first note that the cases where q1, q2 ∈ Bm−2 or Bm−1 will not
occur. Now when q1, q2 ∈ Bj , then one of the q1 + q2 or q1 − q2 will
belong to Bj+1 and the other will belong to Bt for t > j + 1.
Now, with q1, q2 ∈ Bj (where j < m− 2), we get (m− 2− j) possible
expressions for τ (j)q,2 .
So, in this case, the total number of possible expressions for τ (j)q,2 are:
(m− 3) + (m− 4) + · · ·+ 3 + 2 + 1 =
(m− 2)(m− 3)
2
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Case 2: q1 ∈ Bj and q2 ∈ Bt, where Bj 6= Bt.
We can assume that j < t. This would mean that q1± q2 ∈ Bj always. So,
as in Case 2 of Proposition 3.1.2, we get that the total number of expres-
sions for τ (j)q,2 will be
(m−1)(m−2)
2 .
Case 3: q1 ∈ Bj and q2 ∈ A (or vice versa).
We notice that q1 ± q2 ∈ A always. So, just like in Case 3 of Proposi-
tion 3.1.2, we will get that the total number of possible expressions for τ (j)q,2
will be (m− 1).
Case 4: q1, q2 ∈ A.
In this case one of q1 + q2 or q1 − q2 will belong to B1 and the other
will belong to one of the Bj for j > 1. Therefore, for this case we will
get (m − 2) possible expressions for τ (j)q,2 , one each for the case when
q1 + q2 ∈ B1 (alt. q1 − q2 ∈ B1) and q1 − q2 ∈ Bt (alt. q1 + q2 ∈ Bt) for
t = 2, 3, . . . ,m− 1.
Now, adding up all the possible expressions from the four cases above we get
the maximum number of possible expressions for τ (j)q,2 :
(m− 2)(m − 3)
2
+
(m− 1)(m− 2)
2
+ (m− 1) + (m− 2)
=
m2 − 5m+ 6 +m2 − 3m+ 2 + 2m− 2 + 2m− 4
2
= m2 − 2m+ 1 = (m− 1)2

Our next proposition gives us the maximum number of expressions for S(3)q,2
when q = 2p for some prime p.
PROPOSITION 3.1.5. Let q = 2p where p is an odd prime. Let q0 = q2 = p. Let
k = 2 and n = q0− 2. Then the number of possible expressions for S(3)q,2 is at most
6.
Proof. As before we will analyze the different possible cases. Note that in this
situation we have B =
{
2, 4, 6, . . . , 2(p − 1)
}
and C = {p}.
Case 1: q1, q2 ∈ B. We will have q1 ± q2 ∈ B always.
Notice that in this case q1, q2 cannot belong to C since C has only one
element. So we get 1 possible expression in this case for S(3)q,2 .
Case 2: q1 ∈ B, q2 ∈ C . In this case q1 ± q2 ∈ A always.
So, we get 1 possible expression in this case for S(3)q,2 .
Case 3: q1 ∈ A, q2 ∈ B or q1 ∈ A, q2 ∈ C .
When q1 ∈ A and q2 ∈ C , then q1 ± q2 ∈ B always. So, we get 1
possible expression for S(3)q,2 . When q1 ∈ A, q2 ∈ B, we will get 1 possible
expression for the situation when q1±q2 ∈ A. We will get another possible
expression for S(3)q,2 where q1 + q2 ∈ A (alt. q1 − q2 ∈ A) and q1 − q2 ∈ C
(alt. q1 + q2 ∈ C).
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So, there are a total of 3 possible expressions for S(3)q,2 in this case.
Case 4: q1, q2 ∈ A. Then q1 ± q2 ∈ B always.
So, we get 1 possible expression for this case.
Now, adding up all the possible expressions from the above four cases we get
the maximum number of possible expressions for S(3)q,2 to be 1+1+3+1 = 6. 
With these four propositions, we are now ready for our first main theorem.
THEOREM 3.1.6. (i) Let p ≥ 5 (alt. p ≥ 3) be an odd prime and let m ≥ 2
(alt. m ≥ 3) be any positive integer. Let q = pm. Then there exist at least
two (q − 6)-dimensional orbifold lens spaces with fundamental groups of
order pm which are isospectral but not isometric.
(ii) Let p1, p2 be odd primes such that q = p1 · p2 ≥ 33. Then there exists
at least two (q − 6)-dimensional orbifold lens spaces with fundamental
groups of order p1 · p2 which are isospectral but not isometric.
(iii) Let q = 2m where m ≥ 6 be any positive integer. Then there exist at least
two (q − 5)-dimensional orbifold lens spaces with fundamental groups of
order 2m which are isospectral but not isometric.
(iv) Let q = 2p, where p ≥ 7 is an odd prime. Then there exist at least two
(q−5)-dimensional orbifold lens spaces with fundamental groups of order
2p which are isospectral but not isometric.
Proof. We first recall from Proposition 2.2.11 that
|L0(q, n)| ≥
r∑
t=r−2
1
n− t
(
q0 − 1− r
n− 1− t
)(
r
t
)
for k = 2 and r > 2. Thus for k = 2 and r > 2 we have
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|L0(q, n)| ≥
1
n− (r − 2)
(
q0 − r − 1
n− 1− (r − 2)
)(
r
r − 2
)
+
1
n− (r − 1)
(
q0 − r − 1
(n− 1)− (r − 1)
)(
r
r − 1
)
+
1
n− r
(
q0 − r − 1
n− r − 1
)(
r
r
)
=
1
q0 − 2− r + 2
(
q0 − r − 1
q0 − 2− 1− r + 2
)(
r
r − 2
)
+
1
q0 − 2− r + 1
(
q0 − r − 1
q0 − 2− 1− r + 1
)(
r
r − 1
)
+
1
q0 − 2− r
(
q0 − r − 1
q0 − 2− r − 1
)
since n = q0 − 2
=
1
q0 − r
(
q0 − r − 1
q0 − r − 1
)(
r
r − 2
)
+
1
q0 − r − 1
(
q0 − r − 1
q0 − r − 2
)(
r
r − 1
)
+
1
q0 − r − 2
(
q0 − r − 1
q0 − r − 3
)(
r
r
)
=
1
q0 − r
· 1 ·
r(r − 1)
2
+
1
(q0 − r − 1)
· (q0 − r − 1) · r
+
1
(q0 − r − 2)
·
(q0 − r − 1)(q0 − r − 2)
2
· 1
=
r(r − 1)
2(q0 − r)
+ r +
(q0 − r − 1)
2
(3.3)
It is sufficient to show that the final expression in (3.3) is greater than the number of
possible expressions for the generating functions computed in Propositions 3.1.2–
3.1.5 in order to establish the existence of isospectral pairs of non-isometric lens
spaces.
(i) For q = pm, we have a total ofm2 possible expressions for τ (j)q,2 from Prop-
osition 3.1.2. So, we will have isospectrality when (3.3) is greater than or
equal to m2 + 1. That is
r(r − 1)
2(q0 − r)
+ r +
(q0 − r − 1)
2
≥ m2 + 1
⇒ r(r − 1) + 2r(q0 − r) + (q0 − r)(q0 − r − 1) ≥ 2(q0 − r)(m
2 + 1)
⇒ r2 − r + (q0 − r)[2r + q0 − r − 1− 2m
2 − 2] ≥ 0
⇒ (r2 − r) + (q0 − r)[q0 + r − 2m
2 − 3] ≥ 0
⇒ r2 − r + q20 + q0r − q02m
2 − 3q0 − q0r − r
2 + 2m2r + 3r ≥ 0
⇒ q0(q0 − 2m
2 − 3) + 2r(m2 + 1) ≥ 0
⇒ − q0[(2m
2 + 3)− q0] ≥ −2r(m
2 + 1)
⇒ q0[(2m
2 + 3)− q0] ≤ 2r(m
2 + 1).(3.4)
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So for any given m, we can choose p big enough so that 2m2 + 3 ≤ q0.
This would guarantee isospectrality. We can calculate r by r = (p
m−1−1
2 )
in this case. Now if p ≥ 5, q0 ≥ 5
m−1
2 > 2m
2 + 3 for all m ≥ 2. This
is easy to see since 5m > 4m2 + 7 for m ≥ 2 as the left hand side grows
exponentially greater than the right hand side. So, for all p ≥ 5 and all
m ≥ 2, (3.4) will be true and we will get isospectral pairs of dimension
(q − 6) = 2n − 1. Now for q = 3m, we have 3m > 4m2 + 7 for m ≥ 4.
So we will have isospectrality. We check cases m = 2 and m = 3.
When m = 2, q = 9, r = 1, q0 = 4. So L.H.S. of (3.4) gives 4[2(4) +
3 − 4] = 4(7) = 28 and R.H.S. of (3.4) gives 2(1)(4 + 1) = 10. So the
sufficiency condition is not satisfied.
When m = 3, q = 27, r = 4, q0 = 13. L.H.S. of (3.4) gives 13[2(9) +
3−13] = 13[8] = 104 and R.H.S. of (3.4) gives 2(4)[9+1] = 8(10) = 80.
So the sufficiency condition is not satisfied.
However, when we check individually all the possible expressions for
these cases we realize that they are less than m2.
For q = 32, the only two expressions are for the cases when q1 ∈ A,
q2 ∈ B1, q1 ± q2 ∈ A, and q1, q2 ∈ A, q1 + q2 ∈ A, q1 − q2 ∈ B1. No
other possible expressions exist.
However, there are only two classes inL0(q, n), i.e.,|L0(q, n)| = 2. The
two classes are
[1, 2] =
{
(p1, p2) ∈ L˜0(q, 2)
p1, p2 ∈ A}
[1, 3] =
{
(p1, p2) ∈ L˜0(q, 2)
p1 ∈ A, p2 ∈ B1 (alt. p1 ∈ B1, p2 ∈ A)}
where n = 2, A = {1, 2, 4, 5, 7, 8} and B1 = {3, 6}.
Therefore, we do not obtain isospectral pairs.
For q = 33, there are 7 expressions (instead of 32 = 9 possible expres-
sions). The case where q1, q2, q1±q2 ∈ B1 and the case where q1, q2 ∈ B2
do not occur. This gives us 2 less expressions than the estimated number
of 9. But the number of classes is greater than or equal to
4(4− 1)
2(13 − 4)
+ 4 +
13 − 4− 1
2
=
2
3
+ 4 + 4 = 8
2
3
> 7 (from (3.3)).
This means we will have non-isometric isospectral lens spaces. This gives
us our result that for p ≥ 3 and m ≥ 3, we will get isospectral pairs that
are non-isometric.
(ii) For q = p1 · p2, r = p1+p2−22 .
From (3.3) and Proposition 3.1.3 we get the following sufficiency condi-
tion:
r(r − 1)
2(q0 − r)
+ r +
(q0 − r − 1)
2
≥ 12
⇒ q0(25− q0) ≤ 24r(3.5)
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From this we get that for q0 ≥ 25, we will always find non-isometric,
isospectral lens spaces because (3.5) will always be satisfied. We now
check for cases where q = 2q0 + 1 < 51.
For q < 51, and q = p1 · p2 with p1, p2 being odd primes, there are only
the following possibilities:
(a) q = 3 · 7 = 21; B = {3, 6, 9, 12, 15, 18}, C = {7, 14}.
In this case we have 9 instead of 11 possible expressions. The case
where q1, q2 ∈ C = {7, 14} is not possible, and the case where
q1, q2 ∈ A and q1 ± q2 ∈ A is also not possible since then q2 ≡
−q1(modq). Therefore, we get 2 less expressions. now for isospec-
trality we use (3.3):
4(4 − 1)
2(10 − 4)
+ 4 +
(10− 4− 1)
2
= 7
1
2
,
which is not greater than 9. So the isospectrality condition is not met.
(b) q = 3 · 5 = 15. In this case we have 7 instead of 11 expressions.
Here B = {3, 6, 9, 12} and C = {5, 10}. In this case, the following
cases do not occur: q1, q2 ∈ C; q1 ∈ A, q2 ∈ C , q1 ± q2 ∈ A;
q1, q2, q1 ± q2 ∈ A; q1, q2 ∈ A, q1 + q2 ∈ A, q1 − q2 ∈ C . So
we get 4 less expressions than 11. To check for isospectrality we use
(3.3) and get 3(3−1)2(7−3) +3+
(7−3−1)
2 = 5
1
4 , which is less than 7. So the
isospectrality condition is not satisfied.
For (a) and (b) it can be easily shown that |L0(q, n)| is equal to 9 and
7 respectively. This means that there are no isospectral pairs in these
cases.
(c) q = 3 · 11 = 33. B = {3, 6, 9, 12, 15, 18, 21, 24, 27, 30} and C =
{11, 22}. Here q0 = 16 and r = 6. We check for isospectrality using
(3.5):
q0(25− q0) = 16(25 − 16) = 144
24r = 24(6) = 144
So (3.5) is satisfied.
(d) q = 5 · 7 = 35, B = {5, 10, 15, 20, 25, 30} and C = {7, 14, 21, 28}.
Here q0 = 17 and r = 5. Using (3.5) we get
q0(25− q0) = 17(25 − 17) = 138
24r = 24(5) = 120
So (3.5) is not satisfied. However, we notice that in this case the actual
number of expressions is 10 instead of 11. So, we use (3.3) to check
for isospectrality. Plugging in r = 5 and q0 = 17 into (3.3) we get
5(4)
2(12)
+ 5 +
11
2
= 11
1
3
> 10
This implies that S(3)q,2 is not one-one and therefore, we will have non-
isometric isospectral lens spaces in this case.
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(e) Finally, we check q = 3 · 13 = 39.
Here q0 = 19 and r = 7. Using (3.5) we see
q0(25− q0) = 19(25 − 19) = 114
24r = 24(7) = 168
So (3.5) is satisfied and we will have isospectral pairs in this case.
(a)-(e) are all the cases of q = p1 · p2 < 51, where p1, p2 are odd
primes.
Combining these results with the fact that for q ≥ 51, (3.5) will al-
ways be satisfied, we prove (iii).
(iii) Let q = 2m. We use Proposition 3.1.4 and (3.3) to get a sufficiency condi-
tion for isospectrality:
r(r − 1)
2(q0 − r)
+ r +
(q0 − r − 1)
2
≥ (m− 1)2 + 1
Here q0 = 2
m
2 = 2
m−1 and 2r = 2m−1. Therefore, q0 = 2r in this case.
Simplifying the above inequality, we get
q0[(2m
2 − 4m+ 5)− q0] ≤ 2r(m
2 − 2m+ 2).
But since q0 = 2r, we get
(m2 − 2m+ 3) ≤ q0(3.6)
If m ≥ 6, then m2 − 2m + 3 < 2m−1. Further, the right hand side of
(3.6) grows exponentially bigger than the left hand side as m grows. For
m = 3, 4 and 5, the actual number of expressions for τ (j)q,2 are 4, 9 and
16 respectively. Further, it can be easily shown that for m = 3, 4 and 5,
|L0(q, n)| is 4, 9 and 16 respectively. Therefore, for m = 3, 4 and 5 we do
not get isospectrality. This gives us (iii).
(iv) Using Proposition 3.1.5 and (3.3) we get the sufficiency condition for
isospectrality for q = 2p, where p is an odd prime ≥ 7. Note that in
this case q0 = q2 = p and r =
q+2
4 . Now for isospectrality we should have
r(r − 1)
2(q0 − r)
+ r +
(q0 − r − 1)
2
≥ 7
⇒ q0(15 − q0) ≤ 14r
⇒ p(15− p) ≤ 7(p+ 1)
⇒ 0 ≤ p2 − 8p + 7
or (p− 1)(p − 7) ≥ 0
Since p is positive, whenever p ≥ 7, we will have isospectrality. When
q = 2 · 5 = 10, then |L0(q, n)| = 6 = number of expressions for S(3)q,2 . So,
we do not get isospectral pairs when p = 5. This proves (iv).

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3.2. Lens Spaces for General Integers.
Let L = L(q : p1, . . . , pn) = S2n−1/G and
L′ = L(q : p1, . . . , pn) = S
2n−1/G′
be two isospectral non-isometric orbifold lens spaces as obtained in Section 3.1
where G = 〈g〉, G′ = 〈g′〉.
g =

R(p1/q) 0
.
.
.
0 R(pn/q)

and
g′ =

R(s1/q) 0
.
.
.
0 R(sn/q)

We define
g˜W+ =

R(p1/q) 0
.
.
.
R(pn/q)
0 IW

and
g˜′W+ =

R(s1/q) 0
.
.
.
R(sn/q)
0 IW

where IW is the W ×W identity matrix for some integer W . We can define G˜W+
= 〈g˜W+〉 and G˜′W+ = 〈g˜′W+〉. Then G˜W+ and G˜′W+ are cyclic groups of order
q. We define lens spaces L˜W+ = S2n+W−1/G˜W+ and L˜′W+ = S2n+W−1/G˜′W+.
Then, like Proposition 2.2.1, we get:
PROPOSITION 3.2.1. Let L˜W+ and L˜′W+ be as defined above. Then L˜W+ is
isometric to L˜′W+ iff there is a number l coprime with q and there are num-
bers ei ∈ {−1, 1} such that (p1, . . . , pn) is a permutation of (e1ls1, . . . , enlsn)
(mod q).
The following lemma follows directly from this proposition.
LEMMA 3.2.2. Let L, L′, L˜W+ and L˜′W+ be as defined above. Then L is isometric
to L′ iff L˜W+ is isometric to L˜′W+.
We get the following theorem:
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THEOREM 3.2.3. Let L˜W+0 (q, n, 0) be the family of all (2n+W − 1)-dimensional
orbifold lens spaces with fundamental groups of order q that are obtained in the
manner described above. Let L˜W+ ∈ LW+0 (q, n, 0) (where LW+0 (q, n, 0) denotes
the set of isometry classes of L˜W+0 (q, n, 0)). Let FW+q (z : p1, . . . , pn, 0) be the
generating function associated to the spectrum of L˜W+. Then on the domain
{
z ∈
C
 |z| < 1},
FW+q (z : p1, . . . , pn, 0) =
(1 + z)
(1− z)W−1
·
1
q
q∑
l=1
1∏n
i=1(z − γ
pil)(z − γ−pil)
Proof. Recall the definitions of ∆0, r2, P k, Hk, Hk and HkG from Section ??. We
extend the definitions for R2n+W . That is, let ∆0 be the Laplacian on R2n+W with
respect to the Flat Riemannian metric; r2 =
∑2n+W
i=1 x
2
i , where (x1, . . . , x2n+W )
is the standard coordinate system on R2n+W ; for k ≥ 0, P k is the space of
complex valued homogenous polynomials of degree k in R2n+W ; Hk is the sub-
space of P k consisting of harmonic polynomials on R2n+W ; Hk is the image of
i∗ : C∞(R2n+W ) −→ C∞(S2n+W−1) where i : S2n+W−1 −→ R2n+W is the
natural injection; and Hk
G˜
is the space of all G˜-invariant functions of Hk.
Then from Proposition 2.2.4 and Proposition 2.2.5, we get that Hk is O(2n +
W )-invariant; P k has the direct sum decomposition P k = Hk⊕ r2P k−2;Hk is an
eigenspace of ∆˜ on S2n+W−1 with eigenvalue k(k + 2n +W − 2);
∑∞
k=0H
k is
dense in C∞(S2n+W−1) in the uniform convergence topology and Hk is isomor-
phic to Hk.
This along with the results in Corollary 2.2.6, where dimEk(k+2n+W−1) =
dimHk
G˜W+
, we get
Fq(z : p1, . . . , pn, 0) =
∞∑
k=0
(dimHk
G˜W+
)zk.
Now G˜W+ is contained in SO(2n +W ).
Let χk and χ˜k be the characters of the natural representations of SO(2n +W )
on Hk and P k respectively. Then
dimHk
eGW+
=
1∣∣∣G˜W+∣∣∣
∑
g˜W+∈ eG
χk(g˜W+) =
1
q
q∑
l=1
χk(g˜
l
W+)(3.7)
Proposition 2.2.4 gives
χk(g˜
l
W+) = χ˜k(g˜
l
W+)− χ˜k−2(g˜
l
W+)(3.8)
where χ˜t = 0 for t > 0.
If W is even, then we can view the space P k as having a basis consisting of all
monomials of the form:
zI · z¯J = (z1)
i1 · · · (zn+v)
in+v · (z¯1)
j1 · · · (z¯n+v)
jn+v
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where W = 2v and where In+v + Jn+v = i1 + · · ·+ in+v + j1 + · · ·+ jn+v = k
and i1, . . . , in+v, j1, . . . , jn+v ≥ 0. Then,
g˜lW+(z
I · z¯J) = γi1p1l+···+inpnl−j1p1l−···−jnpnl(zI · z¯J).
If W is odd, (say W = 2u+ 1), then we get for basis of P k
zI · z¯J · ztn+2u+1 = (z1)
i1 · · · (zn+u)
in+u · (z¯1)
j1 · · · (z¯n+u)
jn+u · (zn+2u+1)
t
where zn+2u+1 = xn+W where (x1, y1, . . . , xn+W−1, yn+W−1, xn+W ) is the stan-
dard euclidean coordinate system on R2n+W with zi = xi+iyi for i = 1, 2, . . . , n+
W − 1, and i1, . . . , in+u, j1, . . . , jn+u, t ≥ 0 and i1 + · · · + in+u + j1 + · · · +
jn+u + t = k = In+u + Jn+u + t. So, in that case
g˜lW+(z
I · z¯J · zn+2u+1) = γ
i1p1l+···+inpnl−j1p1l−···−jnpnl(zI · z¯J · zn+2u+1)
So, for W , even case, we will get
FW+q (z : p1, . . . , pn, 0) =
1
q
∞∑
k=0
q∑
l=1
χk(g˜
l
W+)z
k
=
(1− z2)
q
q∑
l=1
∞∑
k=0
χ˜k(g˜
l
W+)z
k
=
(1− z2)
q
q∑
l=1
∞∑
k=0
∑
In+v+Jn+v=k
γi1p1l+···+inpnl−j1p1l−···−jnpnlzk
=
(1− z2)
q
q∑
l=1
∞∑
k=0
∑
In+v+Jn+v=k
(γp1lz)i1 · · · (γpnlz)in(γ−p1lz)j1 · · ·
(γ−pnlz)jn · zin+1+···+in+v+jn+1+···+jn+v
=
(1− z2)
q
q∑
l=1
n∏
i=1
(1 + γpilz + γ2pilz2 + · · · )(1 + γ−pilz + γ−2pilz2 + · · · )(1 + z + z2 + · · · )W
=
(1− z2)
q
q∑
l=1
1∏n
i=1(1− γ
pilz)(1 − γ−pilz)(1− z)W
on
{
z ∈ C
 |z| < 1}
=
(1 + z)
(1− z)W−1
·
1
q
q∑
l=1
1∏n
i=1(z − γ
pil)(z − γ−pil)
For W odd case, we get by similar calculations,
FW+q (z : p1, . . . , pn) =
(1− z2)
q
q∑
l=1
∞∑
k=0
∑
In+u+Jn+u+t=k
γi1p1l+···+inpnl−j1p1l−···−jnpnlzk
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=
(1− z2)
q
q∑
l=1
∞∑
k=0
∑
In+u+Jn+u+t=k
(γp1lz)i1 · · · (γpnlz)in(γ−p1lz)j1 · · ·
(γ−pnlz)jn · zin+1+···+in+u+jn+1+···+jn+u+t
=
(1− z2)
q
q∑
l=1
n∏
i=1
(1 + γpilz + γ2pilz2 + · · · )(1 + γ−pilz + γ−2pilz2 + · · · )(1 + z + z2 + · · · )W
=
(1− z2)
q
q∑
l=1
1∏n
i=1(1− γ
pilz)(1 − γ−pilz)(1− z)W
on
{
z ∈ C
 |z| < 1}
=
(1 + z)
(1− z)W−1
·
1
q
q∑
l=1
1∏n
i=1(z − γ
pil)(z − γ−pil)
as before.

COROLLARY 3.2.4. When L(q : p1, . . . , pn) and L(q : s1, . . . , sn) have the same
generating function, then L˜W+ and L˜′W+ (as defined above) also have the same
generating function
Proof. This follows from the fact that
Fq
W+(z : p1, . . . , pn, 0) =
1
(1− z)W
Fq(z : p1, . . . , pn)
. 
The above results give us the following theorem.
THEOREM 3.2.5. (i) Let P ≥ 5 (alt. P ≥ 3) be any odd prime and let m ≥ 2
(alt. m ≥ 3) be any positive integer. Let q = Pm. Then there exist at
least two (q +W − 6)-dimensional orbifold lens spaces with fundamental
groups of order Pm which are isospectral but not isometric.
(ii) Let P1, P2 be two odd primes such that q = P1 · P2 ≥ 33. Then there exist
at least two (q+W−6)-dimensional orbifold lens spaces with fundamental
groups of order P1 · P2 which are isospectral but not isometric.
(iii) Let q = 2m where m ≥ 6 is any positive integer. Then there exist at least
two (q+W−5)-dimensional orbifold lens spaces with fundamental groups
of order 2m which are isospectral but not isometric.
(iv) Let q = 2P , where P ≥ 7 is an odd prime. Then there exist at least two
(q+W − 5)-dimensional orbifold lens spaces with fundamental groups of
order 2P which are isospectral but not isometric.
COROLLARY 3.2.6. (i) Let x ≥ 19 be any integer. Then there exist at least
two x-dimensional orbifold lens spaces with fundamental groups of order
25 which are isospectral but not isometric.
(ii) Let x ≥ 27 be any integer. Then there exist at least two x-dimensional orb-
ifold lens spaces with fundamental group of order 33 which are isospectral
but not isometric.
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(iii) Let x ≥ 59 be any integer. Then there exist at least two x dimensional orb-
ifold lens spaces with fundamental group of order 64 which are isospectral
but not isometric.
(iv) Let x ≥ 9 be any integer. Then there exist at least two x dimensional orb-
ifold lens spaces with fundamental group of order 14 which are isospectral
but not isometric.
Proof. (i) Let q = 25 and W ∈ {0, 1, 2, 3, . . .} in (i) of the theorem.
(ii) Let q = 33 and W ∈ {0, 1, 2, 3, . . .} in (ii) of the theorem.
(iii) Let q = 64 and W ∈ {0, 1, 2, 3, . . .} in (iii) of the theorem.
(iv) Let q = 14 and W ∈ {0, 1, 2, 3, . . .} in (iv) of the theorem.

When W is an odd numnber, we get even dimensional orbifold lens spaces that
are isospectral but not isometric.
4. EXAMPLES
In this section we will look at some examples of isospectral non-isometric orb-
ifold lens spaces by calculating their generating functions. We will also look at an
example that will suggest that our technique can be generalized for higher values
of k = q0 − n. Recall that q0 = (q − 1)/2 for odd q and q0 = q/2 for even q. In
the previous sections we assumed k = 2. The technique for getting examples for
higher values of k is similar, but as we shall see, the calculations for the different
types of generating functions becomes more difficult as k increases.
In all the examples we will denote a lens space byL(q : p1, . . . , pn) = S2n−1/G,
where G is the cyclic group generated by g =

R(p1/q) 0
.
.
.
0 R(pn/q)
. We
will write G = 〈g〉.
4.1. Examples for k = 2.
EXAMPLE 4.1.1. Let q = 52 = 25, q0 = q−12 = 12, n = 10, k = 2,
A = {1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 17, 18, 19, 21, 22, 23, 24}, B1 = {5, 10, 15, 20}.
Let w([p1, . . . , p10]) = [q1, q2]. Let γ = e2pii/25 and λ = e2pii/5. a0 = |A| = 20,
b0,1 = |B1| = 4,
∑
l∈A γ
l = 0,
∑
l∈B1
γl = −1,
∑
l∈A λ
l = −5 and
∑
l∈B1
λl =
4 (from (4.1)).
Case 1: q1, q2 ∈ B1 and q1 ± q2 ∈ B1. So,
ψ25,2([q1, q2])(z) = 20z
4 + 20z3 + 20z2 + 20z + 20
α
(1)
25,2([q1, q2])(z) = 4z
4 − 16z3 + 24z2 − 16z + 4
This corresponds to the case where [p1, . . . , p10] = [1, 2, 3, 4, 6, 7, 8, 9, 11, 12]
which corresponds to a manifold lens spaces.
Case 2: Since there is only one B1 this case does not occur.
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Case 3: q1 ∈ B1 and q2 ∈ A (alt. q1 ∈ A, q2 ∈ B1). q1 ± q2 ∈ A always.
So,
ψ25,2([q1, q2])(z) = 20z
4 + 10z3 + 40z2 + 10z + 20
α
(1)
25,2([q1, q2])(z) = 4z
4 − 6z3 + 4z2 − 6z + 4
corresponding to [p1, . . . , p10] = [1, 2, 3, 4, 5, 6, 7, 8, 9, 11]
and to [s1, . . . , s10] = [1, 2, 3, 4, 6, 7, 8, 9, 10, 11]
and [p1, . . . , p10] 6= [s1, . . . , s10].
So, we get two isospectral non-isometric orbifolds: L1 = L(25 : 1, 2, 3, 4, 5, 6, 7, 8, 9, 11)
and L2 = (25 : 1, 2, 3, 4, 6, 7, 8, 9, 10, 11). We denote by
∑
i the singular
set of Li. Then
∑
1 =
{
(0, 0, . . . , x9, x10, 0, 0, . . . , 0) ∈ S
19
x29 + x210 =
1
}
and
∑
2 =
{
(0, 0, . . . , x17, x18, 0, 0) ∈ S
19
x217 + x218 = 1} with
isotropy groups 〈g51〉 and 〈g52〉 where
g51 =

R(5p1/25) 0
.
.
.
0 R(5p10/25)
 =

R(p1/5) 0
.
.
.
0 R(p10/5)

and
g52 =

R(s1/5) 0
.
.
.
0 R(s10/5)

where g1 and g2 are generators of G1 and G2, respectively with L1 =
S19/G1 and L2 = S19/G2.
∑
1 and
∑
2 are homeomorphic to S1. We
denote the two isotropy groups by H1 = 〈g51〉 and H2 = 〈g52〉.
Case 4: (a) q1, q2 ∈ A and q1 ± q2 ∈ A. So,
ψ25,2([q1, q2])(z) = 20z
4 + 40z2 + 20
α
(1)
25,2([q1, q2])(z) = 4z
4 + 4z3 + 4z2 + 4z + 4
corresponding to
L3 = L(25 : 1, 2, 3, 4, 5, 6, 7, 8, 9, 10) = S
19/G3, where G3 = 〈g3〉
L4 = L(25 : 1, 2, 3, 4, 5, 6, 7, 8, 10, 11) = S
19/G4, where G4 = 〈g4〉
and L5 = L(25 : 1, 2, 3, 4, 5, 6, 7, 10, 11, 12) = S19/G5, where G5 = 〈g5〉
The isotropy groups for L3, L4 and L5 are 〈g53〉, 〈g54〉 and 〈g55〉, respec-
tively.
∑
3,
∑
4 and
∑
5 are all homeomorphic to S3. So, here we get 3
isospectral orbifold lens spaces that are non-isometric.
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(b) q1, q2 ∈ A and q1+q2 ∈ B1, q1−q2 ∈ A (alt. q1+q2 ∈ A, q1−q2 ∈
B1). So,
ψ25,2([q1, q2])(z) = 20z
4 + 30z2 + 20
α
(1)
25,2([q1, q2])(z) = 4z
4 + 4z3 + 14z2 + 4z + 4
corresponding to
L6 = L(25 : 1, 2, 3, 4, 5, 6, 7, 9, 10, 11) = S
19/G6, where G6 = 〈g6〉
and L7 = L(25 : 1, 2, 3, 4, 5, 6, 7, 8, 10, 11) = S19/G7, where G7 = 〈g7〉
Then, again,
∑
6 and
∑
7 are homeomorphic to S3, and L6 and L7 have
isotropy groups 〈g56〉 and 〈g57〉.
EXAMPLE 4.1.2. q = 33 = 27; q0 = 13, k = 2, n = 11 and
A = {1, 2, 4, 5, 7, 8, 10, 11, 13, 14, 16, 17, 19, 20, 22, 23, 25, 26}, B1 = {3, 6, 12, 15, 21, 24},
B2 = {9, 18}. Let w([p1, . . . , p11]) = [q1, q2]. Let γ = e2pii/27, λ = e2pii/9 and
δ = e2pii/3 be primitive 27th, 9th and 3rd roots of unity, respectively. Here we get
isospectral non-isometric pairs only in two cases:
Case 1: q1 ∈ B1 and q2 ∈ A (alt. q1 ∈ A and q2 ∈ B1). q1 ± q2 ∈ A always. So
we get,
ψ27,2([q1, q2])(z) = 18z
4 + 36z2 + 18
α
(1)
27,2([q1, q2])(z) = 6z
4 + 6z3 + 12z2 + 6z + 6
α
(2)
27,2([q1, q2])(z) = 2z
4 − 2z3 − 2z + 2
corresponding to
L1 = L(27 : 1, 2, 4, 5, 6, 7, 9, 10, 11, 12, 13),
L2 = L(27 : 1, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13) and
L3 = L(27 : 1, 2, 5, 6, 7, 8, 9, 10, 11, 12, 13)
If G1 = 〈g1〉, G2 = 〈g2〉, G3 = 〈g3〉 are such that L1 = S21/G1, L2 =
S21/G2 and L3 = S21/G3, then∑
1 =
{
(0, 0, . . . , x9, x10, 0, x13, x14, 0, . . . , x19, x20, 0, 0) ∈ S
21: isotropy group = 〈g91〉
}⋃{
(0, 0, . . . , x13, x14, 0, . . . , 0) ∈ S
21: isotropy group = 〈g31〉
}
∑
2 =
{
(0, 0, . . . , x7, x8, 0, . . . , x13, x14, . . . , 0, x19, x20, 0, 0) ∈ S
21: isotropy group = 〈g92〉
}⋃{
(0, 0, . . . , x13, x14, 0, . . . , 0) ∈ S
21: isotropy group = 〈g32〉
}
∑
2 =
{
(0, 0, . . . , x7, x8, 0, . . . , x13, x14, . . . , x19, x20, 0, 0) ∈ S
21: isotropy group = 〈g93〉
}⋃{
(0, 0, . . . , x13, x14, 0, . . . , 0) ∈ S
21: isotropy group = 〈g33〉
}
So all three orbifolds have the same isotropy type and all the singular sets
are homeomorphic to S5.
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Case 2: q1 + q2 ∈ B1, q1 − q2 ∈ A (alt. q1 + q2 ∈ A , q1 − q2 ∈ B1). So we get,
ψ27,2([q1, q2])(z) = 18z
4 + 36z2 + 18
α
(1)
27,2([q1, q2])(z) = 6z
4 + 6z2 + 6
α
(2)
27,2([q1, q2])(z) = 2z
4 + 4z3 + 6z2 + 4z + 2
corresponding to
L4 = L(27 : 1, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13) = S
21/G4 ; G4 = 〈g4〉
L5 = L(27 : 1, 3, 4, 5, 6, 7, 8, 9, 11, 12, 13) = S
21/G5 ; G5 = 〈g5〉
L6 = L(27 : 1, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13) = S
21/G6 ; G6 = 〈g6〉
Then,∑
4 =
{
(0, 0, x3, x4, 0, . . . , 0, x9, x10, 0, 0, x13, x14, 0, . . . , x19, x20, 0, 0) ∈ S
21
with isotropy group = 〈g94〉
}⋃{
(0, 0, . . . , 0, x13, x14, 0, . . . , 0) ∈ S
21 with isotropy group = 〈g34〉
}
∑
5 =
{
(0, 0, x3, x4, 0, . . . , 0, x9, x10, 0, . . . , 0, x15, x16, 0, 0, x19, x20, 0, 0) ∈ S
21
with isotropy group = 〈g95〉
}⋃{
(0, 0, . . . , 0, x15, x16, 0, . . . , 0) ∈ S
21 with isotropy group = 〈g35〉
}
∑
6 =
{
(0, 0, x3, x4, 0, 0, x7, x8, 0, . . . , 0, x13, x14, 0, . . . , 0, x19, x20, 0, 0) ∈ S
21
with isotropy group = 〈g96〉
}⋃{
(0, 0, . . . , 0, x13, x14, 0, . . . , 0) ∈ S
21 with isotropy group = 〈g36〉
}
So, the singular sets are all homeomorphic to S7 and they all have the same
isotropy types.
EXAMPLE 4.1.3. Let q = 5 · 7 = 35, q0 = 35−12 = 17, k = 2, n = 15. Here A =
{1, 2, 3, 4, 6, 8, 9, 11, 12, 13, 16, 17, 18, 19, 22, 23, 24, 26, 27, 29, 31, 32, 33, 34}, B =
{5, 10, 15, 20, 25, 30} and C = {7, 14, 21, 28}. Here we get isospectral non-
isometric pairs in three cases:
Case 1: q1 ∈ A, q2 ∈ B, q1 ± q2 ∈ A. So we get,
ψ35,2([q1, q2])(z) = 24z
4 + 6z3 + 52z2 + 6z + 24
α35,2([q1, q2])(z) = 6z
4 + 4z3 + 8z2 + 4z + 6
β35,2([q1, q2])(z) = 4z
4 − 6z3 + 4z2 − 6z + 4
corresponding to
L1 = L(35 : 1, 3, 4, 5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 16, 17) = S
29/G1
L2 = L(35 : 1, 2, 4, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17) = S
29/G2
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L1 and L2 are isospectral non-isometric orbifold lens spaces. G1 = 〈g1〉
and G2 = 〈g2〉.∑
1 =
{
(0, . . . , 0, x7, x8, 0, . . . , 0, x25, x26, 0, . . . , 0) ∈ S
29 with isotropy group = 〈g71〉
}⋃{
(0, . . . , 0, x11, x12, 0, . . . , 0, x23, x24, 0, . . . , 0) ∈ S
29 with isotropy group = 〈g51〉
}
∑
2 =
{
(0, . . . , 0, x15, x16, 0, . . . , 0, x25, x26, 0, . . . , 0) ∈ S
29 with isotropy group = 〈g72〉
}⋃{
(0, . . . , 0, x9, x10, 0, . . . , 0, x23, x24, 0, . . . , 0) ∈ S
29 with isotropy group = 〈g52〉
}
∑
1 and
∑
2 are both homeomorphic to S3 × S3.
Case 2: q1, q2 ∈ A.
(a) q1 ± q2 ∈ A. So we get,
ψ35,2([q1, q2])(z) = 24z
4 − 4z3 + 52z2 − 4z + 24
α35,2([q1, q2])(z) = 6z
4 + 4z3 + 8z2 + 4z + 6
β35,2([q1, q2])(z) = 4z
4 + 4z3 + 4z2 + 4z + 4
corresponding to
L3 = L(35 : 1, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17) = S
29/G3
and L4 = L(35 : 1, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17) = S29/G4
where G3 = 〈g3〉 and G4 = 〈g4〉. Thus,∑
3 =
{
(0, . . . , 0, x5, x6, 0, . . . , 0, x15, x16, 0, . . . , 0, x25, x26, 0, . . . , 0) ∈ S
29
with isotropy group = 〈g73〉
}⋃{
(0, . . . , 0, x9, x10, 0, . . . , 0, x23, x24, 0, . . . , 0) ∈ S
29 with isotropy group = 〈g53〉
}
∑
4 =
{
(0, . . . , 0, x7, x8, 0, . . . , 0, x15, x16, 0, . . . , 0, x25, x26, 0, . . . , 0) ∈ S
29
with isotropy group = 〈g74〉
}⋃{
(0, . . . , 0, x9, x10, 0, . . . , 0, x23, x24, 0, . . . , 0) ∈ S
29 with isotropy group = 〈g54〉
}
∑
3 and
∑
4 are homeomorphic to S5 × S3.
(b) q1 + q2 ∈ A, q1 − q2 ∈ B. So we get,
ψ35,2([q1, q2])(z) = 24z
4 − 4z3 + 42z2 − 4z + 24
α35,2([q1, q2])(z) = 6z
4 + 4z3 + 8z2 + 4z + 6
β35,2([q1, q2])(z) = 4z
4 + 4z3 + 14z2 + 4z + 4
corresponding to
L5 = L(35 : 1, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 16, 17) = S
29/G5
and L6 = L(35 : 1, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17) = S29/G6
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where G5 = 〈g5〉 and G6 = 〈g6〉.∑
5 =
{
(0, . . . , 0, x7, x8, 0, . . . , 0, x15, x16, 0, . . . , 0, x25, x26, 0, . . . , 0) ∈ S
29
with isotropy group = 〈g75〉
}⋃{
(0, . . . , 0, x11, x12, 0, . . . , 0, x23, x24, 0, . . . , 0) ∈ S
29 with isotropy group = 〈g55〉
}
∑
6 =
{
(0, . . . , 0, x5, x6, 0, . . . , 0, x15, x16, 0, . . . , 0, x25, x26, 0, . . . , 0) ∈ S
29
with isotropy group = 〈g76〉
}⋃{
(0, . . . , 0, x9, x10, 0, . . . , 0, x23, x24, 0, . . . , 0) ∈ S
29 with isotropy group = 〈g56〉
}
∑
5 and
∑
6 are homeomorphic to S5 × S3.
Our final example for the case when k = 2 comes when q is even.
EXAMPLE 4.1.4. Let q = 2 · 7 = 14, q0 = 142 = 7, k = 2 and n = 5. Here
A = {1, 3, 5, 9, 11, 13}, B = {2, 4, 6, 8, 10, 12} and C = {7}. Here we get
isospctral non-isometric pairs in only one case:
Case 1: q1 ∈ A, q2 ∈ B, q1 ± q2 ∈ A.
a1 = 2
∑
l∈A
γl + 2
∑
l∈A
λl = 2(1) + 2(−1) = 0
b1 = 2
∑
l∈B
γl + 2
∑
l∈B
λl = 2(−1) + 2(−1) = −4
c1 = 2
∑
l∈C
γl + 2
∑
l∈C
λl = 2(−1) + 2(1) = 0
a2 = 2 |A|+ 4
∑
l∈A
γl = 2(6) + 4(1) = 12 + 4 = 16
b2 = 2 |B|+ 4
∑
l∈B
γl = 2(6) + 4(−1) = 12− 4 = 8
c2 = 2 |C|+ 4
∑
l∈C
γl = 2(1) + 4(−1) = 2− 4 = −2
So we get,
ψ14,2([q1, q2])(z) = 6z
4 + 16z2 + 6
α14,2([q1, q2])(z) = 6z
4 + 4z3 + 8z2 + 4z + 6
β14,2([q1, q2])(z) = z
4 − 2z2 + 1
corresponding to
L1 = L(14 : 1, 2, 4, 5, 7) = S
9/G1
and L2 = L(14 : 1, 4, 5, 6, 7) = S9/G2
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where G1 = 〈g1〉 and G2 = 〈g2〉.∑
1 =
{
(0, 0, x3, x4, x5, x6, 0, 0, 0, 0) ∈ S
9 with isotropy group = 〈g71〉
}⋃{
(0, . . . , 0, x9, x10) ∈ S
9 with isotropy group = 〈g21〉
}
∑
2 =
{
(0, 0, x3, x4, 0, 0, x7, x8, 0, 0) ∈ S
9 with isotropy group = 〈g72〉
}⋃{
(0, . . . , 0, x9, x10) ∈ S
9 with isotropy group = 〈g22〉
}
∑
1 and
∑
2 are homeomorphic to S3 × S1.
4.2. Example for k = 3.
EXAMPLE 4.2.1. Let q = 52 = 25, q0 = 25−12 = 12, k = 3, n = 9. Let
w([p1, . . . , p9]) = [q1, q2, q3]. HereA = {1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 17, 18, 19, 21, 22, 23, 24}
and
B1 = {5, 10, 15, 20}.
We will consider all the possible cases for the various possibilities of qi’s, (qi ±
qj)’s and (q1 ± q2 ± q3)’s lying in A or B1. Many of these possibilities will not
occur in our present example of q = 25. However, these possibilities are stated
because they may occur for higher values of q.
Case 1: All the qi’s ∈ B1. This case does not happen for q = 25 since at most 2 of
the qi’s can be in B1 at one time by the definition of I0(25, 3).
Case 2: All the qi’s ∈ A. Since k = 3, we can’t have more than 3 of the qi ± qj
(1 ≤ i < j ≤ 3) belonging toB1. Also, at most only one of the q1±q2±q3
can be ≡ 0 (mod 25).
Further, if one of the q1 ± q2 ± q3 is congruent to 0 (mod 25), then we
can’t have any other of the q1 ± q2 ± q3 belong to B1. Also, at most 1 of
the q1 ± q2 ± q3 can be in B1.
Further, if one of the q1 ± q2 ± q3 is congruent to 0 (mod 25), then at
most 1 of the qi± qj (for 1 ≤ i < j ≤ 3) can be in B1. Similarly, if one of
the q1 ± q2 ± q3 ∈ B1, then at most 1 of the qi ± qj can be in B1. We note
that the above results hold true for all q = P 2, where P is any odd prime.
We now look at the various sub-cases for Case 2.
(a) All of the q1±q2±q3 ∈ A and all of the qi±qj ∈ A (1 ≤ i < j ≤ 3).
This case does not occur for q = 25.
(b) All of the q1 ± q2 ± q3 ∈ A and exactly one of the qi ± qj ∈ B1
(1 ≤ i < j ≤ 3). This case does not occur for q = 25.
(c) All of the q1 ± q2 ± q3 ∈ A and exactly two of the qi ± qj ∈ B1
(1 ≤ i < j ≤ 3). Again, this case does not occur for q = 25.
(d) exactly one of the q1 ± q2 ± q3 ∈ B1 and all of the qi ± qj ∈ A
(1 ≤ i < j ≤ 3). This case does not occur for q = 25.
(e) exactly one of the q1 ± q2± q3 ≡ 0 (mod q) and all of qi± qj ∈ A
(1 ≤ i < j ≤ 3). This case also does not occur for q = 25.
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(f) All of the q1 ± q2 ± q3 ∈ A and exactly 3 of the qi ± qj ∈ B1
(1 ≤ i < j ≤ 3). In this case, we get isospectral, non-isometric pairs since
we get,
ψ25,3([q1, q2, q3])(z) = 20z
6 + 30z4 + 30z2 + 20
α
(1)
25,3([q1, q2, q3])(z) = 4z
6 + 6z5 + 30z4 + 20z3 + 30z2 + 6z + 4
corresponding to
L1 = L(25 : 1, 4, 5, 6, 7, 8, 9, 10, 11) = S
17/G1
and L2 = L(25 : 1, 2, 3, 5, 7, 8, 9, 10, 12) = S17/G2
where G1 = 〈g1〉 and G2 = 〈g2〉.∑
1 =
{
(0, . . . , 0, x5, x6, 0, . . . , 0, x15, x16, 0, 0) ∈ S
17 with isotropy group = 〈g51〉
}∑
2 =
{
(0, . . . , 0, x7, x8, 0, . . . , 0, x15, x16, 0, 0) ∈ S
17 with isotropy group = 〈g52〉
}
(h) exactly one of the q1± q2± q3 is congruent to 0 (mod 25) and one
of the qi ± qj (for 1 ≤ i < j ≤ 3) is in B1. We again get isospectral
non-isometric pairs here since,
ψ25,3([q1, q2, q3])(z) = 20z
6 + 50z4 + 10z3 + 50z2 + 20
α25,3([q1, q2, q3])(z) = 4z
6 + 6z5 + 10z4 + 10z3 + 10z2 + 6z + 4
corresponding to
L3 = L(25 : 1, 2, 3, 4, 5, 6, 7, 8, 10) = S
17/G3, G3 = 〈g3〉
L4 = L(25 : 1, 2, 3, 4, 5, 6, 7, 9, 10) = S
17/G4, G4 = 〈g4〉
L5 = L(25 : 1, 2, 3, 4, 5, 6, 8, 9, 10) = S
17/G5, G5 = 〈g5〉
L6 = L(25 : 1, 2, 3, 4, 5, 7, 8, 9, 10) = S
17/G6, G6 = 〈g6〉
L7 = L(25 : 1, 2, 4, 5, 6, 7, 8, 9, 10) = S
17/G7, G7 = 〈g7〉
L8 = L(25 : 1, 4, 5, 6, 7, 8, 9, 10, 12) = S
17/G8, G8 = 〈g8〉
L9 = L(25 : 1, 3, 5, 6, 7, 9, 10, 11, 12) = S
17/G9, G9 = 〈g9〉
L10 = L(25 : 1, 2, 5, 6, 7, 8, 9, 10, 12) = S
17/G10, G10 = 〈g10〉
So, in this case we get a family of 8 orbifold lens spaces that are isospec-
tral but mutually non-isometric.∑
3 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0, x17, x18) ∈ S
17 with isotropy group = 〈g53〉
}∑
4 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0, x17, x18) ∈ S
17 with isotropy group = 〈g54〉
}∑
5 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0, x17, x18) ∈ S
17 with isotropy group = 〈g55〉
}∑
6 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0, x17, x18) ∈ S
17 with isotropy group = 〈g56〉
}
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∑
7 =
{
(0, . . . , 0, x7, x8, 0, . . . , 0, x17, x18) ∈ S
17 with isotropy group = 〈g57〉
}∑
8 =
{
(0, . . . , 0, x5, x6, 0, . . . , 0, x15, x16, 0, 0) ∈ S
17 with isotropy group = 〈g58〉
}∑
9 =
{
(0, . . . , 0, x5, x6, 0, . . . , 0, x13, x14, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g59〉
}∑
10 =
{
(0, . . . , 0, x5, x6, 0, . . . , 0, x15, x16, 0, 0) ∈ S
17 with isotropy group = 〈g510〉
}
All of the
∑
i (for i = 3, 4, . . . , 10) are homeomorphic to S3.
(h) exactly one of the q1± q2± q3 is congruent to 0 (mod 25) and one
of the qi ± qj (for 1 ≤ i < j ≤ 3) is in B1. Here we get,
ψ25,3([q1, q2, q3])(z) = 20z
6 + 50z4 − 40z3 + 50z2 + 20
α25,3([q1, q2, q3])(z) = 4z
6 + 6z5 + 10z4 + 10z3 + 10z2 + 6z + 4
corresponding to
L11 = L(25 : 1, 3, 4, 5, 6, 7, 8, 9, 10) = S
17/G11, G11 = 〈g11〉
L12 = L(25 : 1, 3, 5, 7, 8, 9, 10, 11, 12) = S
17/G11, G12 = 〈g12〉
∑
11 =
{
(0, . . . , 0, x7, x8, 0, . . . , 0, x17, x18) ∈ S
17 with isotropy group = 〈g511〉
}∑
12 =
{
(0, . . . , 0, x5, x6, 0, . . . , 0, x13, x13, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g512〉
}
∑
11 and
∑
12 are homeomorphic to S3.
2(a) - 2(h) are all of the possible cases when all the qi’s ∈ A.
Case 3: Two of the qi’s ∈ A and one of the qi’s ∈ B1. In this case we will have at
most one of the q1 ± q2 ± q3 congruent to 0 (mod 25).
Also, we can have at most one of the qi ± qj (1 ≤ i < j ≤ 3) in B1.
Further, it can be shown that at most two of the q1 ± q2 ± q3 can be in
B1. Also, if one of the q1 ± q2 ± q3 is congruent to 0 (mod 25), then at
most one of the remaining q1± q2± q3 can belong to B1. In fact, it can be
shown that exactly one of the remaining q1 ± q2 ± q3 must belong to B1.
All of these results can be shown to be true q = P 2, where P is any odd
prime. Now we consider all the sub-cases for Case 3.
(a) If all the q1 ± q2 ± q3 belong to A and exactly one of the qi ± qj
(1 ≤ i < j ≤ 3) belongs to B1. This case does not occur for q = 25.
(b) exactly one of the q1 ± q2 ± q3 belongs to B1 and the remaining
belong to A. This case does not occur for q = 25.
(c) If all of the q1 ± q2 ± q3 belong to A and all of the qi ± qj (1 ≤ i <
j ≤ 3) belong to A. Then we get
ψ25,3([q1, q2, q3])(z) = 20z
6 + 10z5 + 60z4 + 20z3 + 60z2 + 10z + 20
α
(1)
25,3([q1, q2, q3])(z) = 4z
6 − 4z5 − 4z + 4
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corresponding to
L13 = L(25 : 1, 2, 3, 4, 5, 6, 7, 8, 9) = S
17/G13, G13 = 〈g13〉
L14 = L(25 : 1, 2, 3, 4, 5, 6, 7, 8, 11) = S
17/G14, G14 = 〈g14〉
L15 = L(25 : 1, 2, 3, 4, 5, 6, 7, 9, 12) = S
17/G15, G15 = 〈g15〉
L16 = L(25 : 1, 3, 5, 6, 7, 8, 9, 11, 12) = S
17/G16, G16 = 〈g16〉
L17 = L(25 : 1, 2, 4, 5, 6, 7, 8, 9, 12) = S
17/G17, G17 = 〈g17〉
We get a family of 5 orbifold lens spaces that are non-isometric and
isospectral.∑
13 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g513〉
}∑
14 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g514〉
}∑
15 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g515〉
}∑
16 =
{
(0, . . . , 0, x5, x6, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g516〉
}∑
17 =
{
(0, . . . , 0, x7, x8, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g517〉
}
All the
∑
i’s (i = 13, . . . , 17) are homeomorphic to S1.
(d) exactly two of the q1 ± q2 ± q3 belong to B1 and exactly one of the
qi ± qj (1 ≤ i < j ≤ 3) belongs to B1.
Here we get,
ψ25,3([q1, q2, q3])(z) = 20z
6 + 10z5 + 50z4 + 40z3 + 50z2 + 10z + 20
α
(1)
25,3([q1, q2, q3])(z) = 4z
6 − 4z5 + 10z4 − 20z3 + 10z2 − 4z + 4
corresponding to
L18 = L(25 : 1, 2, 3, 4, 5, 6, 7, 8, 12) = S
17/G18, G18 = 〈g18〉
L19 = L(25 : 1, 2, 3, 4, 5, 6, 7, 9, 11) = S
17/G19, G19 = 〈g19〉
We have∑
18 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g518〉
}∑
19 =
{
(0, . . . , 0, x9, x10, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g519〉
}
(e) One of the q1± q2± q3 is congruent to 0 (mod 25), and one one of
the q1 ± q2 ± q3 is in B1, and exactly one of the qi ± qj (1 ≤ i < j ≤ 3)
is in B1.
Here we get,
ψ25,3([q1, q2, q3])(z) = 20z
6 + 10z5 + 50z4 − 10z3 + 50z2 + 10z + 20
α
(1)
25,3([q1, q2, q3])(z) = 4z
6 − 4z5 + 10z4 − 20z3 + 10z2 − 4z + 4
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corresponding to
L20 = L(25 : 1, 2, 3, 4, 6, 7, 8, 10, 12) = S
17/G20, G20 = 〈g20〉
L21 = L(25 : 1, 4, 6, 7, 8, 9, 10, 11, 12) = S
17/G21, G21 = 〈g21〉
L22 = L(25 : 1, 3, 4, 5, 6, 7, 9, 11, 12) = S
17/G22, G22 = 〈g22〉
We have∑
20 =
{
(0, . . . , 0, x15, x16, 0, 0) ∈ S
17 with isotropy group = 〈g520〉
}
∑
21 =
{
(0, . . . , 0, x13, x14, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g521〉
}∑
22 =
{
(0, . . . , 0, x7, x8, 0, . . . , 0) ∈ S
17 with isotropy group = 〈g522〉
}
There are no other sub-cases for Case 3.
Case 4: One of the qi’s ∈ A and two of the qi’s ∈ B1. In this case, q1± q2± q3 will
always belong to A, and exactly two of the qi ± qi (1 ≤ i < j ≤ 3) will
belong to B1. There are no other variations that will occur in this case.
Here we get,
ψ25,3([q1, q2, q3])(z) = 20z
6 + 20z5 + 40z4 + 40z3 + 40z2 + 20z + 20
α
(1)
25,3([q1, q2, q3])(z) = 4z
6 − 14z5 + 20z4 − 20z3 + 20z2 − 14z + 4
corresponding toL(25 : 1, 2, 3, 4, 6, 7, 8, 9, 11) and we do not get isospec-
tral pairs. Note that this lens space is a manifold.
As this example illustrates, we can extend our technique for k = 2 to higher val-
ues of k and we will get many examples of isospectral non-isometric orbifold lens
spaces. At the same time, the example also illustrates the difficulty in accounting
for all the possible cases as the value of k is increased.
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